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Abstract
A set D of vertices of a connected graph G = (V; E) is called a connected k-dominating set
of G if every vertex in V–D is within distance k from some vertex of D, and the induced
subgraph G[D] is connected, where k¿ 1 is an integer. The connected k-domination number
of G, denoted by ck(G), is the minimum cardinality of a connected k-dominating set of G. In
this paper, we show that for k¿ 2, ck(G)6 (2k + 1)d
c
k( 4G) if both G and 4G are connected,
where dck(G) denotes the connected k-domatic number of G, the maximum number of classes
in a partition of V into connected k-dominating sets.
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1. Introduction
All graphs under consideration are 9nite, undirected and loopless without multiple
edges. Let G = (V; E) be a graph with vertex set V and edge set E. 4G denotes the
complement of G. Let k¿ 1 be an integer. For v∈V (G), the open k-neighborhood
Nk(v) of v in G is de9ned by {u∈V |d(u; v)6 k; u = v}. The closed k-neighborhood
Nk [v] of v in G is de9ned by Nk(v)∪ {v}. In a similar way, one may de9ne the open
(closed) k-neighborhood of a set S of vertices in V , denoted by Nk(S)(Nk [S]) as the
union of the open(closed) k-neighborhoods Nk(v)(Nk [v]) of vertices in S. When k=1,
these terminologies reduce to the usual de9nitions of open(closed) neighborhoods.
As generalizations of dominating concepts, a set D of vertices of a graph G=(V; E)
is de9ned in [4] to be a k-dominating set of G if Nk [D]=V . The minimum cardinality
among all k-dominating sets of G is called the k-domination number of G and denoted
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by k(G). Also, a set D ⊆ V is de9ned in [5] to be a total k-dominating set of G
if every vertex in V is within distance k from some vertex of D other than itself.
The minimum cardinality among all total k-dominating sets of G is called the total
k-domination number of G and is denoted by tk(G). Note that the parameter 
t
k(G)
is de9ned only for graphs with no isolated vertices. And for k = 1, k(G) and tk(G)
reduce to (G) and t(G), the domination number and total domination numbers of G,
respectively.
Now for a connected graph G = (V; E), call a k-dominating set D ⊆ V a connected
k-dominating set if the subgraph G[D] induced by D is connected. The connected
k-domination number of G, denoted by ck(G), is the minimum cardinality among all
connected k-dominating sets of G. It is obvious that for k=1, ck(G) reduces to 
c(G),
the connected domination number of G which has been investigated by many authors,
see [1,2] and the references therein.
The distance versions of domination have a strong background of applications. For
instance, let G be the graph associated with the road grid of a city where the ver-
tices correspond to the street intersections with two vertices being adjacent if and
only if the corresponding street intersections are a block apart. A minimum connected
k-dominating set in G may be used to consider the location of a minimum number
of facilities (such as police stations, hospitals, transmission towers, blood banks, etc.)
such that every intersection is within k blocks of a facility and also the service sys-
tem is well-connected. Much eEort has been made by many authors to establish the
relationship among distance domination parameters, for the known results see a recent
survey by Henning [3].
In this paper, we shall establish a relationship between ck(G) and d
c
k( 4G), the con-
nected k-domatic number of 4G, which is de9ned to be the maximum number of
classes in a partition of V ( 4G) into connected k-dominating sets. For known results
on k-domatic numbers, see [7,8].
2. Some lemmas and the main result
We shall prove a non-trivial inequality relating ck(G) to d
c
k( 4G) for k¿ 2. Note that
it is proved in [2] that (G)6d( 4G) and in [6] that c(G)6 3dc( 4G), if both G and 4G
are connected, and this bound is best possible. Our main result here is
Theorem 2.1. Let k¿ 2 and both G and 4G be connected. Then ck(G)6 (2k+1)d
c
k( 4G).
We need some lemmas for the proof of Theorem 2.1.
Lemma 2.1. Let G be a connected graph of order at least three. Then G has at least
two non-cut vertices.
Proof. Since any tree of order at least three has at least two end vertices, the result
is trivial by taking a spanning tree of G.
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Lemma 2.2. Let G = (V; E) be a connected graph. Let G1; G2; : : : ; Gs(s¿ 2) be con-
nected subgraphs of G with connected k-dominating sets D1; D2; : : : ; Ds, respectively.
If
⋃s
i=1 V (Gi) = V , then there exists a connected k-dominating set D of G such that
D ⊇ ⋃si=1 Di and
|D|6
s∑
i=1
|Di|+ 2k(s− 1):
Proof. We proceed by induction on s(¿ 2). Let s = 2. By the assumption we know
that there exist x∈Nk [D1] and y∈Nk [D2] with xy∈E(G) since G is connected. Thus,
by adding at most 2(k − 1) vertices in V together with {x; y} to D1 ∪ D2, we get a
connected k-dominating set D of G with D ⊇ D1
⋃
D2 and |D|6 |D1|+ |D2|+ 2k.
Assume now that the result is true for s=2; 3; : : : ; r. For the case s=r+1, we construct
a new graph G with VERTICES Gi; 16 i6 r+1, where Gi and Gj(i = j) are adjacent
if V (Gi)∩V (Gj) = ∅ or there exist u∈V (Gi)=Nk [Di] and v∈V (Gj)=Nk [Dj] such that
uv∈E(G). Here we use capital letters because the vertices of this graph are themselves
graphs. It is obvious that G is a connected graph with order r+1¿ 3, by the connectiv-
ity of G and the fact that
⋃r+1
i=1 V (Gi)=V (G). From Lemma 2.1, by deleting a non-cut
VERTEX of G, say Gr+1 (the vertices of G in
⋃r
i=1 V (Gi) ∩ V (Gr+1) should remain
unchanged), we get a new connected graph G′=G[
⋃r
i=1 V (Gi)−V (Gr+1)]. By the in-
duction hypothesis, there exists a connected k-dominating set D′ of G′ such that D′ ⊇⋃r
i=1 Di and |D′|6
∑r
i=1 |Di|+2k(r−1). By the same argument used in the case of s=2,
we know that there exists a connected k-dominating set D of G with D ⊇ D′∪Dr+1 ⊇⋃r+1
i=1 Di, and |D|6 |D′| + |Dr+1| + 2k6
∑r+1
i=1 |Di| + 2k(r + 1 − 1). The induction is
completed.
The following lemma is a natural extension of Lemma 2.2 which we shall need for
the proof of Theorem 2.1.
Lemma 2.3. Let G be a connected graph. Let G1; G2; : : : ; Gs be connected subgraphs
of G with connected k-dominating sets D1; D2; : : : ; Ds, respectively. Let V (G)−
⋃s
i=1
V (Gi)=X . Then there exists a connected k-dominating set D of G with D ⊇
⋃s
i=1 |Di|
and
|D|6
s∑
i=1
|Di|+ 2k(s− 1) + k|X |:
Proof. Let the components of G[X ] be X1; X2; : : : ; Xr; 16 r6 |X |. Then for each Xj;
16 j6 r, there exists uj ∈Xj and vj ∈V (Gj0 ) such that uj is adjacent to vj in G, we
will denote this occurrence by saying that Xj is ADJACENT to Gj0 . Joining Xj to one
of its ADJACENT subgraphs, say Gj0 to get G
′
j0 , and then expanding the connected
k-dominating set Dj0 in a natural way by adding at most |Xj| + k − 1 + 1 vertices
to it yields a connected k−dominating set D′j0 of G′j0 , where we can ignore at least
one non-cut vertex of Xj if |Xj|¿ 2 by Lemma 2.1. Let the resulting subgraphs of
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G be G′i ; 16 i6 s. Then V (G) =
⋃s
i=1 V (G
′
i) =
⋃s
i=1 Nk [D
′
i ] and G[D
′
i ] is connected,
moreover, we have
∑s
i=1 |D′i |6
∑s
i=1 |Di|+
∑r
j=1[|Xj|+ r(k − 1)] =
∑s
i=1 |Di|+ |X |+
r(k − 1). It follows from Lemma 2.2 that G has a connected k-dominating set D
with D ⊇ ⋃si=1 D′i ⊇
⋃s
i=1 Di and
|D|6
s∑
i=1
|D′i |+ 2k(s− 1)
6
s∑
i=1
|Di|+ 2k(s− 1) +
r∑
j=1
(|Xj|+ k − 1)
6
s∑
i=1
|Di|+ 2k(s− 1) + k|X |:
3. Proof of the main result
Proof of Theorem 2.1. Let V ( 4G)=V (G) be partitioned into pairwise disjoint connected
k-dominating sets as V =D′1∪· · ·∪D′r with r=dck( 4G), the maximum number of classes
among such partitions. We may further assume that V = D1 ∪ · · · ∪ Dr ∪ V1, where
Di ⊆ D′i is a minimal connected k-dominating set of 4G (a connected k-dominating
set in G is said to be minimal if none of its proper subsets is again a connected
k-dominating set in G), 16 i6 r.
Assume 9rst that ck( 4G)¿ 2, thus |Di|¿ 2 for 16 i6 r. Then by the preceding
argument since 4G[Di] is connected, we may pick a non-cut vertex of 4G[Di], say
xi ∈Di; 16 i6 r. Note that xi = xj for i = j since Di∩Dj=∅. Now, Di−{xi} induces
a connected subgraph of 4G but it is not a connected k-dominating set of 4G, thus {xi} is
k-irredundant in Di, i.e., Nk [xi]−Nk [Di−{xi}] = ∅. Let yi ∈Nk [xi]−Nk [Di−{xi}]. Then
yix∈E(G) for any x∈Di−{xi}. Let Si=(Di−{xi})∪{yi}. Then G[Si] is a connected
subgraph of G with a (connected) dominating set, hence a connected k-dominating set
{yi}; 16 i6 r. Call yi the center of Si; 16 i6 r.
Let Y = {y1; : : : ; ys} be the collection of distinct centers of all Sis, 16 i6 r, where
16 s6 r. Denote the components of G[Y ] by W1; : : : ; Wt ; 16 t6 s. By combining Si
and Sj for i = j if yi = yj or yi and yj are within the same component of G[Y ],
we have t sets as S1; : : : ; St , among which we assume further that Sj(06 j6 t1) has a
unique center, and Sj(t1+16 j6 t1+t2=t) has at least two centers. Thus t1+t2=t; t1+
2t26 s. Note that G[Sj] is a connected subgraph of G with a connected dominating set
{y|y∈ Sj} in G; 16 j6 t. Let X ={x1; x2; : : : ; xr}and X ′=X −Y if Y ∩V1=∅: For each
set Sj with a unique center, say yj; 16 j6 t1, there exists an i0(16 i06 r) such that
yj ∈Di0 . Thus yj = xi0 since otherwise we would have yjyi0 ∈E(G), a contradiction to
the structure assumption on Sj. Therefore, at least t1 elements out of X = {x1; : : : ; xr}
coincide with Y , i.e., |X ′|6 r − t1.
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We consider the following cases:
Case 1. V1 =∅. Since
⋃t
j=1 Sj
⋃
X ′=V , it follows from Lemma 2.3 that there exists
a connected k-dominating set D of G such that
ck(G)6 |D|6 |{y|y∈Y}|+ k|X ′|+ 2k(t − 1)
6 s+ 2k(t1 + t2 − 1) + k(r − t1) = s+ kr − 2k + k(t1 + 2t2)
6 s+ kr − 2k + sk6 (2k + 1)r − 2k: (1)
Case 2: V1 = ∅. Let the components of 4G[V1] be W1; : : : ; Wn, where 16 n6 |V1|.
We distinguish two subcases according as 4G[V1] is connected or not.
Subcase 2.1: n=1, i.e., 4G[V1] is connected. Then V1 is not a connected k-dominating
set of 4G by the assumption on the partition of V . Let u∈V − Nk [V1] in 4G. Then
ux∈E(G) for any x∈V1. Assume that u∈Di0 , where 16 i06 r.
Assume 9rst that Y ∩ V1 = ∅. Then |X ′|6 r − t1.
If u = xi0 , then uyi0 ∈E(G) and we may combine V1 with the set, say S∗, that has
yi0 as a center. This new set induces a connected subgraph of G with a connected
dominating set {u} ∪ {y∗|y∗ ∈ S∗}. Then by Lemma 2.3, we have
ck(G)6 s+ 1 + 2k(t − 1) + k(r − t1)6 (2k + 1)r + 1− 2k: (2)
If u = xi0 and xi0 ∈ X ′. Then u = xi0 = y′j0 for some j0. Combining V1 with the set
having y′j0 as a center, we have by Lemma 2.3 that
ck(G)6 s+ 2k(t − 1) + k(r − t1)6 (2k + 1)r − 2k: (3)
If u=xi0 ∈X ′. Then let X ′′=X ′−{u} and V1∪{u}=V2. It is clear that |X ′′|6 r−t1−1
and G[V2] has a connected dominating set {u}. It follows from Lemma 2.3 again that
ck(G)6 s+ 1 + 2k(t + 1− 1) + k|X ′′|6 (2k + 1)r + 1− k: (4)
Now assume that Y ∩ V1 = ∅. Form a new set V2 by combining the sets Sj with V1
if one of the centers of Sj is contained in V1. The subgraph of G induced by this new
set has a connected dominating set as {u} ∪ {y∗|y∗ ∈ S; S has a center in V1}.
Let the remaining sets with a unique center be I: S∗1 ; S
∗
2 ; : : : ; St′1 ; t
′
16 t1, and the sets
with at least two centers be II: S∗t′1+1; S
∗
t′1+2
; : : : ; St′1+t′2 ; t
′
1 + t
′
26 t. For each center y
′
j
of the set in class I, 06 j6 t′1, we have y
′
j ∈X by the same argument as described
prior to Case 1. Assume that t′′2 centers of the sets in class II are contained in X . Let
X ′ = X − Y . Then |X ′|6 r − t′1 − t′′2 . We have by Lemma 2.3 that
ck(G)6 |{u} ∪ Y |+ 2k(t′1 + t′′2 + 1− 1) + k|X ′|
6 s+ 1 + kr + k(t′1 + 2t
′′
2 )
6 (k + 1)r + 1 + k(t1 + 2t2 − 1)
6 (2k + 1)r − k + 1; (5)
where for the last two inequalities, we have used the fact that equalities in t′16 t1 and
t′′2 6 t2 cannot occur simultaneously since V1 ∩ Y = ∅, so that t′1 + 2t′′2 6 t1 + 2t2 − 1.
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Subcase 2.2: n¿ 2. Then by the partition assumption of V , each component of
4G[V1] is not a k-dominating set of 4G. That is, for each j; 16 j6 n, we have V ( 4G)−
Nk [V (Wj)] = ∅.
Assume 9rst that Y ∩ V1 = ∅. and let X ′ = X − Y .
Case A: For some j; 16 j6 n, there exists u∈V ( 4G)−Nk [V (Wj)] such that u∈
⋃r
i=1
Di. Without loss of generality, let j = 1 and u∈Di0 . Take v∈V (W1), then {u; v} is a
connected dominating set of G[V1].
If u = xi0 , then uyi0 ∈E(G). Combine V1 with Si having yi0 as a center. Then it is
obvious that {y|y∈ S} ∪ {u; v} is a connected k-dominating set of G[S ∪ V1]. So we
have
ck(G)6 s+ 2 + 2k(t − 1) + k|X ′|
6 (2k + 1)r − 2k + 2: (6)
If u = xi0 , and xi0 does not coincide with any center, then combine V1 with the set
Si satisfying xi0 ∈ S, and let V ′1 = V1 ∪ {xi0}, and X ′′ = X ′ − {xi0}. We have
ck(G)6 s+ 2 + 2k(t − 1) + k|X ′′|
6 s+ 2 + 2k(t1 + t2 − 1) + k(r − t1 − 1)
6 (2k + 1)r − 3k + 2: (7)
If u = xi0 and xi0 coincides with some center y
∗, then combine V1 to S having y∗
as a center. We have
ck(G)6 s+ 1 + 2k(t − 1) + k|X ′|
6 (2k + 1)r − 2k + 1: (8)
Case B: For any j; 16 j6 n, for any u∈V ( 4G)− Nk [V (Wj)], we have u∈V1, i.e.,
u∈V1 − V (Wj). Note that G[V1] is a connected subgraph of G, so that there exists at
least one edge in G between V1 and
⋃r
i=1 Di. Without loss of generality, let u∈V (W1)
and y∈Di0 such that uy∈E(G). It is obvious that {u} is a connected 2-dominating
set of V1. Thus for k¿ 2, we have
(a) If y = xi0 , then yyi0 ∈E(G). Combine V1 with S having yi0 as a center, this new
set has a connected 2-dominating, thus a k-dominating set as {y|y is a center of S}∪
{u; y}. It follows that
ck(G)6 s+ 2 + 2k(t − 1) + k|X ′|
6 (2k + 1)r − 2k + 2: (9)
(b) If y= xi0 , and xi0 does not coincide with any center, then let V2 =V1 ∪{y}, and
X ′′ = X ′ − {xi0}. We have
ck(G)6 s+ 1 + 2k(t − 1) + k|X ′′|
6 s+ 1 + 2k(t1 + t2 − 1) + k(r − t1 − 1)
6 (2k + 1)r − 3k + 1: (10)
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(c) If y = xi0 and xi0 coincides with some y, then combine V1 with the set Si with
y as a center. Then
ck(G)6 s+ 1 + 2k(t − 1) + k|X ′|
6 (2k + 1)r − 2k + 1: (11)
Now, assume that Y ∩V1 = ∅. Form a new set by combining the sets Sis with V1 if
one of the centers of Si is contained in V1. The subgraph of G induced by this new
set has a connected dominating set {u; y} ∪ {y∗|y∗ is a center of S}.
Let the remaining sets with a unique center be I: S∗1 ; S
∗
2 ; : : : ; St′1 ; t
′
16 t1, and the sets
with at least two centers be II: S∗t′1+1; S
∗
t′1+2
; : : : ; St′1+t′2 ; t
′
1 + t
′
26 t. For each center y
′
j of
the set in class I, 06 j6 t′1, we have y
∗ ∈X . Assume that t′′2 centers of the sets in
class II are contained in X . Let X ′ = X − Y . Then |X ′|6 r − t′1 − t′′2 .
Following the similar argument used in Case A for deriving (6)–(8), we get
ck(G)6max{(2k + 1)r − 2k + 2; (2k + 1)r − 3k + 2; (2r + 1)k − 2k + 1}: (12)
Finally, if ck( 4G) = 1. Let {x} be a k-dominating set of 4G. If there exists y∈V ( 4G)
such that 36d 4G(x; y)(6 k), then {x; y} is a connected k-dominating set of G, the
result of the theorem follows trivially. Now let V = N 4G(x) ∪ W ∪ {x}, where W =
{u|d 4G(u; x) = 2}. Note that W = ∅ since otherwise {x} would be an isolated vertex in
G. Consider a partition of N 4G(x) as W1∪W2
⋃
W3, where W1={u∈N 4G(x)|N 4G(u)∩W=
W}; W2={u∈N 4G(x)|N 4G(u)∩W = ∅ and N 4G(u)∩W = W} and W3={u∈N 4G(x)|N 4G(u)∩
W = ∅}. It is clear that each vertex in W1 may serve as a 2-dominating (thus k-
dominating) set of 4G, so that r = dck( 4G)¿ |V (W1)| + 1. On the other hand, let the
connected components of G[W1] in G be H1; : : : ; Hs; 16 s6 |V (W1)|. Since G is con-
nected, then for each Hi; 16 i6 s, there exist ui ∈Hi and vi ∈W2 ∪ W3 such that
uivi ∈E(G). Moreover, for such vi, there exists wi ∈W with viwi ∈E(G) by the struc-
tures of W2 and W3. So that {ui; vi; wi; x} induces a connected subgraph of G. It is
clear that
⋃s
i=1(V (Hi)∪{ui; vi; wi; x}) is a connected 2-dominating (thus k-dominating)
set of G. Therefore, we have
ck(G)6
s∑
i=1
|Hi|+ 2s+ 16 3|V (W1)|+ 16 3dck( 4G)− 2: (13)
The proof of the theorem is completed by comparing bounds (1) through (13).
4. Concluding remarks
For the connected domination number and connected domatic number, it is shown
in [6] that the inequality c(g)6 3dc( 4G) is tight. We have no idea whether that the
inequality given here is still tight, and this remains an open question.
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